Multipartite entanglement structure in the Eigenstate Thermalization
  Hypothesis by Brenes, Marlon et al.
Multipartite entanglement structure in the Eigenstate Thermalization Hypothesis
Marlon Brenes,1, ∗ Silvia Pappalardi,2, 3, † John Goold,1 and Alessandro Silva2
1Department of Physics, Trinity College Dublin, Dublin 2, Ireland
2SISSA, Via Bonomea 265, I-34135 Trieste, Italy
3ICTP, Strada Costiera 11, I-34151 Trieste, Italy
(Dated: September 24, 2019)
We study the quantum Fisher information (QFI) and, thus, the multipartite entanglement struc-
ture of thermal pure states in the context of the Eigenstate Thermalization Hypothesis (ETH).
In both the canonical ensemble and the ETH, the quantum Fisher information may be explicitly
calculated from the response functions. In the case of ETH, we find that the expression of the
QFI bounds the corresponding canonical expression from above. This implies that although average
values and fluctuations of local observables are indistinguishable from their canonical counterpart,
the entanglement structure of the state is starkly different; with the difference amplified, e.g., in the
proximity of a thermal phase transition. We also provide a state-of-the-art numerical example of a
situation where the quantum Fisher information in a quantum many-body system is extensive while
the corresponding quantity in the canonical ensemble vanishes. Our findings have direct relevance
for the entanglement structure in the asymptotic states of quenched many-body dynamics.
Introduction.— Thermalization is the phenomenon
with the highest degree of universality occurring in many-
body physics [1]. The question of how and why ther-
malization emerges from unitary quantum time evolu-
tion was posed even in the inception of quantum theory
by some of its founding fathers [2–4]. Definitively, Na-
ture shows us that the evolution of a pure, thermally
isolated system typically results in an asymptotic state
that is indistinguishable from a finite temperature Gibbs
ensemble by either local or linear response measurements.
One predictive framework for understanding thermaliza-
tion from quantum dynamics is the Eigenstate Thermal-
ization Hypothesis (ETH). Inspired by early works by
Berry [5, 6], later formulated by Deutsch [7], ETH was
fully established by Srednicki as a condition on matrix
elements of generic operators Oˆ in the energy eigenba-
sis [8–10]. Subsequently, ETH has motivated a consider-
able body of numerical work over the past decade [11–
13]. Far from being an academic issue, thermalization
in closed quantum systems is now regularly scrutinized
in laboratories worldwide where advances in the field of
ultra-cold atom physics have allowed for probing quan-
tum dynamics on unprecedented timescales in condensed
matter physics [12, 14–16].
Whenever the ETH is satisfied, it is difficult to contrast
the coherence of a pure state with that of a statistical
mixture by means of standard measurments. Therefore,
a question that naturally comes to mind is: will pure
state dynamics possess detectable features beyond ther-
mal noise? This question, posed recently by Kitaev [17]
in the context of black-hole physics, lead him to suggest
the study of a peculiar type of out-of-time-order correla-
tions (OTOC), originally introduced by Larkin and Ov-
chinikov [18]. This object, as a result of a nested time
structure, detects quantum chaos and correlations be-
yond thermal ones. It was recently shown [19, 20] that
OTOC are controlled by correlations beyond ETH. De-
spite its promising features, the interpretation of the con-
nection between the OTOC and the underlying quantum
state dynamics is, in general, complex.
The purpose of this Letter is to show that the task
of discriminating a pure state that “looks” thermal
from a true, thermal Gibbs density matrix might be
better achieved by a simpler physical quantity: the
quantum Fisher information (QFI) [21–23], a quantity of
central importance in metrology [24] and entanglement
theory [25, 26]. The first observation of our work is that
the QFI computed in the eigenstates of the Hamilto-
nian FETH (or in the asymptotic state of a quenched
dynamics), and the one computed in the Gibbs state
at the corresponding inverse temperature β, FGibbs
[27, 28], satisfy the inequality FETH ≥ FGibbs, where the
equality holds at zero temperature. By computing both
terms, we quantify the difference. The corresponding
multipartite entanglement structure, as obtained from
the Fisher information densities fQ = F/N is in stark
contrast. For example, in systems possessing finite
temperature phase transitions, we argue that FETH
diverges with system size at critical points (implying
extensive multipartiteness of entanglement in the pure
state), while it is only finite in the corresponding Gibbs
ensemble [27–29].
The second main result in this work is numerical. The
explicit calculation of FETH in a non-integrable model
is an arduous task as it involves full diagonalization and
data processing of off-diagonal matrix elements which
exponentially increase with system size. We use state-of-
the-art and highly optimized exact diagonalization and
data sorting routines to extract the universal features of
these off-diagonal matrix elements, in order to compute
the relevant correlation functions and the corresponding
QFI densities. We study both FETH and FGibbs in the
XXZ model with integrability breaking staggered field,
unravelling the interesting behavior of these quantities.
ar
X
iv
:1
90
9.
02
98
0v
2 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
3 S
ep
 20
19
2ETH and linear response.— The ETH ansatz for the
matrix elements of observables in the eigenbasis of the
Hamiltonian, is formally stated as
Onm = O(E¯)δnm + e
−S(E¯)/2fOˆ(E¯, ω)Rnm, (1)
where E¯ = (En + Em)/2, ω = Em − En, S(E¯) is
the microcanonical entropy and Rnm is a random vari-
able with zero average and unit variance. Both O(E¯)
and fOˆ(E¯, ω) are smooth functions of their arguments.
In particular, O(E¯) is the microcanonical average in
a shell centered around energy E¯. Crucially, through
the off-diagonal matrix elements, the function fOˆ(E¯, ω)
can be extracted, allowing for the explicit calculation
of non-equal correlation functions in time. The re-
sponse function and the symmetrized noise are defined
respectively as χOˆ(t1, t2) := −iθ(t1 − t2)〈[Oˆ(t1), Oˆ(t2)]〉
and SOˆ(t1, t2) := 〈{Oˆ(t1), Oˆ(t2)}〉 − 2〈Oˆ(t1)〉〈Oˆ(t2)〉.
The expectation value of these correlation functions can
be taken with respect to a single energy eigenstate
Hˆ|E〉 = E|E〉 and Fourier-transformed with respect to
the time difference to be expressed in frequency domain.
For local operators or sums of local operators, the spec-
tral function Im[χOˆ(ω)] = −χ′′Oˆ(ω) and SOˆ(ω) can be ap-
proximated imposing the ETH [10, 13]. In the thermo-
dynamic limit they read
χ′′
Oˆ
(ω) ≈ 2pi sinh
(
βω
2
)
|fOˆ(E,ω)|2 , (2)
SOˆ(ω) ≈ 4pi cosh
(
βω
2
)
|fOˆ(E,ω)|2 . (3)
These relations satisfy the fluctuation dissipation theo-
rem (FDT) SOˆ(ω) = 2 coth(
βω
2 )χ
′′
Oˆ
(ω). In this context,
the inverse temperature is given by the thermodynamic
definition β = ∂S(E)/∂E and it corresponds to the
canonical temperature at the same average energy
E = 〈E|Hˆ|E〉 = Tr(Hˆ e−βHˆ)/Z.
Quantum Fisher information and linear response.—
There has been some interest in relating ETH to the bi-
partite entanglement entropy [30–32], here we apply ETH
to the quantum Fisher information F(Oˆ). This quantity
was introduced to bound the precision of the estimation
of a parameter φ, conjugated to an observable Oˆ using
a quantum state ρˆ, via the so-called quantum Cramer-
Rao bound ∆φ2 ≤ 1/MF(Oˆ), where M is the number
of independent measurements made in the protocol [33].
Most importantly, the QFI can be used to probe the mul-
tipartite entanglement structure of a quantum state. If,
for a certain Oˆ, the QFI density satisfies
fQ(Oˆ) =
F(Oˆ)
N
> m , (4)
then, at least (m + 1) parties in the system are entan-
gled (with 1 ≤ m ≤ N − 1 a divisor of N) [25, 26]. In
particular, if N − 1 ≤ fQ(Oˆ) ≤ N , then the state is
called genuinely N -partite entangled. The QFI has key
mathematical properties [21, 33, 34], such as convexity,
additivity, monotonicity, and, when maximized over all
possible operators, it becomes an entanglement measure
[35]. Otherwise, different operators Oˆ lead to different
bounds and there is no systematic method (without some
knowledge on the physical system [27, 36]) to choose the
optimal one, which will typically be an extensive sum
of local operators. For a general mixed state described
by the density matrix ρ =
∑
n pn|En〉〈En|, it was shown
that [21]
F(Oˆ) = 2
∑
n,n′
(pn − pn′)2
pn + pn′
|〈En|Oˆ|En′〉|2≤ 4 〈∆Oˆ2〉 ,(5)
with 〈∆Oˆ2〉 = Tr(ρˆ Oˆ2) − Tr(ρˆ Oˆ)2. The equality holds
in the case of pure states ρˆ = |ψ〉〈ψ|.
Let us now contrast the QFI computed on a thermo-
dynamic ensemble with the one of a single energy eigen-
state for an operator satisfying ETH. When computed on
a canonical Gibbs state with pn = e
−βEn/Z in Eq. (5),
it was shown that [27]
FGibbs(Oˆ) = 2
pi
∫ +∞
−∞
dω tanh
(
βω
2
)
χ′′
Oˆ
(ω) . (6)
The same result holds in the microcanonical ensemble
[37]. If in contrast one considers a pure eigenstate at the
same temperature, i.e. with energy E = Tr(Hˆe−βHˆ/Z)
compatible with the average energy of a canonical state
in the system, the QFI is
FETH(Oˆ) = 4 〈E|∆Oˆ2|E〉 =
∫ +∞
−∞
dω
pi
SOˆ(ω)
=
2
pi
∫ +∞
−∞
dω coth
(
βω
2
)
χ′′
Oˆ
(ω) ,
(7)
where SOˆ(ω) in the previous equation is determined by
the function fOˆ(E,ω) appearing in Eq. (2) as described.
Since SOˆ(ω) evaluated explicitly from ETH is equiva-
lent to its canonical counterpart, then the following result
holds
FETH(Oˆ) ≥ FGibbs(Oˆ) . (8)
This discussion has immediate consequences for the
QFI, and the entanglement structure, of asymptotic
states in out-of-equilibrium unitary dynamics. In this
framework, the expectation value of time dependent op-
erators O(t) = 〈ψ|Oˆ(t)|ψ〉 (or of the correlation functions
defined above) are taken with respect to an initial pure
state |ψ〉, which is not an eigenstate of the Hamiltonian
Hˆ. Provided that the QFI attains an asymptotic value at
long times F∞, taking the long-time average [38], when-
ever there are no degeneracies or a subextensive number
of them, we have that F(Oˆ) = F∞(Oˆ) = 4〈∆Oˆ2〉DE with
3〈 · 〉DE = Tr(ρˆDE · ) [39, 40], being the diagonal ensemble
defined as ρˆDE =
∑ |cn|2|En〉〈En| with cn = 〈ψ|En〉. We
remark that, since the out-of-equilibrium global state is
pure, F∞(Oˆ) is given by the variance of Oˆ over the diag-
onal ensemble which is different from the QFI computed
on the state ρˆDE. See [41] for the details on the out-of-
equilibrium setting.
For sufficiently chaotic Hamiltonians, the initial
state |ψ〉 is usually a microcanonical superposi-
tion around an average energy E = 〈ψ|Hˆ|ψ〉
with variance δ2E = 〈ψ|Hˆ2|ψ〉 − 〈ψ|Hˆ|ψ〉2, i.e. |cn|2
has a narrow distribution around E with small
fluctuations δ2E/E2 ∼ 1/N . Then it follows [13]
〈∆Oˆ2〉DE = 〈E|∆Oˆ2|E〉 +
(
∂O
∂E
)2
δ2E, where the first
term represents fluctuations inside each eigenstate –
computed before in Eq. (7) – and the second is related to
energy fluctuations. This observation, together with the
bound (8), leads to
F∞(Oˆ) ≥ FETH(Oˆ) ≥ FGibbs(Oˆ) , (9)
where the equality holds in the low temperature limit
T → 0. These expressions set a hierarchy in the entangle-
ment content of “thermal states” at the same tempera-
ture, yet of different nature (mixed/pure). Furthermore,
via Eqs. (6)-(7), one can quantify this difference via
∆F = FETH − FGibbs = 1/pi
∫
dωSOˆ(ω)/ cosh
2(βω/2).
These results can be directly extended to integrable
systems described by the generalized Gibbs ensemble,
where generalizations of fluctuation dissipation theorems
hold [42].
Multipartite entanglement at thermal criticality .— The
major difference between the ETH and Gibbs multipar-
tite entanglement can be appreciated at critical points
of thermal phase transitions, where Oˆ in (5) is the or-
der parameter of the theory. While it is well known that
the QFI does not witness divergence of multipartiteness
at thermal criticality, i.e. FGibbs/N ∼ const. [27, 28],
on the other hand, the ETH result obeys the following
critical scaling with the system size N
fETHQ ∼
FETH
N
∼ Nγ/(ν d) , (10)
where γ and ν are the critical exponents of susceptibility
and correlation length of the thermal phase transition
respectively and d is the dimensionality of the system
[43].
Evaluation.— We now turn to the evaluation of Eq. (2)
in the context of a physical system with a microscopic
Hamiltonian description. Consider the anisotropic spin-
1
2 Heisenberg chain, also known as the spin-
1
2 XXZ chain,
with the Hamiltonian given by (~ = 1):
HˆXXZ =
N−1∑
i=1
[(
σˆxi σˆ
x
i+1 + σˆ
y
i σˆ
y
i+1
)
+ ∆ σˆzi σˆ
z
i+1
]
, (11)
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FIG. 1. Expectation value of the staggered magnetization as
a function of temperature in both the canonical ensemble and
the corresponding ETH prediction for and N = 16 (inset)
N = 20 (main). Gray area highlights the low temperature
regime, close to the edges of the spectrum where the ETH
prediction gives the largest fluctuations.
where σˆνi , ν = x, y, z, correspond to Pauli matrices in
the ν direction at site i in a one-dimensional lattice with
N sites defined with open boundary conditions (OBCs).
In Eq. (11), ∆ corresponds to the anisotropy parameter.
The spin- 12 XXZ chain corresponds to one of the canoni-
cal integrable models. We now add a strong integrability
breaking perturbation in the form of a staggered mag-
netic field across the chain, with the Hamiltonian defined
as
HˆSF = HˆXXZ + b
∑
i even
σˆzi , (12)
where b is the strength of the staggered magnetic field.
Eq. (12) is the Hamiltonian of the staggered field model.
This model is quantum chaotic with Wigner-Dyson level
spacing statistics and diffusive transport [44]. The mod-
els described before commute with the total magne-
tization operator in the z direction, [HˆXXZ,
∑
i σˆ
z
i ] =
[HˆSF,
∑
i σˆ
z
i ] = 0 and are, therefore, U(1)-symmetric.
Even with OBCs, parity symmetry is present in the sys-
tem. We break this symmetry by adding a small pertur-
bation δσˆz1 on the first site. To evaluate our results in the
canonical ensemble and in the context of ETH, we pro-
ceed with the full diagonalization of HˆSF in the largest
U(1) sector, in which
∑
i〈σˆzi 〉 = 0. We focus on the total
staggered magnetization Oˆ =
∑
i(−1)iσˆzi as our exten-
sive observable, and compute all the matrix elements of
Oˆ in the eigenbasis of the Hamiltonian HˆSF (see [41] for
an evaluation on a local, non-extensive observable).
Our starting point is to evaluate the expectation value
of Oˆ in the canonical ensemble and compare it with the
ETH prediction. In the thermodynamic limit, a single
eigenstate |E〉 with energy E suffices to obtain the canon-
ical prediction: 〈Oˆ〉 = 〈E|Oˆ|E〉=Tr(Oˆ e−βHˆ)/Z, with an
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FIG. 2. Response function SOˆ(ω) computed directly from
ETH and in the canonical ensemble for N = 16 (inset) and
N = 20 (main) for T = 5.
inverse temperature β that yields an average energy E.
For finite-size systems, we instead focus on a small en-
ergy window centered around E of width 0.1 in order to
average eigenstate fluctuations, where  is the bandwidth
of the Hamiltonian for a given N . Fig. 1 shows 〈Oˆ〉 as
a function of temperature for two different system sizes,
including N = 20, the largest system we have access
to (Hilbert space dimension D = N !/[(N/2)!(N/2)!] =
184 756). The results exhibit the expected behavior pre-
dicted from ETH for finite-size systems: the thermal ex-
pectation value is well approximated away from the edges
of the spectrum (low temperature, section highlighted in
gray on Fig. 1), and, moreover, the canonical expectation
value is better approximated as the system size increases.
We now turn to the evaluation of FETH and FGibbs. The
task requires to either compute SOˆ(E,ω) or χ
′′
Oˆ
(E,ω) in
each respective framework. For the former, in the con-
text of ETH, we can employ Eq. (2) which depends only
on fOˆ(E,ω). As before, we focus on a small window of
energies and extract all the relevant off-diagonal elements
of Oˆ in the eigenbasis of HˆSF. Fluctuations are then ac-
counted for by computing a bin average over small win-
dows δω, chosen such that the resulting average produces
a smooth curve [see [41] for a detailed description on the
extraction of e−S(E)/2fOˆ(E,ω)] [45, 46]. The procedure
leads to a smooth function e−S(E)/2fOˆ(E,ω), in which
the first factor is a constant value with respect to ω. The
entropy factor can be left undetermined in our calcula-
tions if we normalize the curve by the sum rule shown
in Eq. (7), computed in this case from the ETH predic-
tion of the expectation value of 〈∆Oˆ2〉. In the context
of the canonical ensemble, SOˆ(ω) can be explicitly evalu-
ated by computing the thermal expectation value of the
non-equal correlation function in the frequency domain
[41].
In Fig. 2 we show SOˆ(ω) for both the canonical en-
semble for T = 5 and the corresponding ETH predic-
tion normalized by the sum rule mentioned before. The
sum rule is evaluated from the expectation values com-
puted within both the canonical ensemble and ETH, cor-
respondingly. It can be observed that the main features
of the response function can be well approximated from
the corresponding ETH calculation. For this particu-
lar case, however, the approximation is only marginally
improved by increasing the system size. This behavior
is expected given that overall fluctuations for extensive
observables carry an extensive energy fluctuation contri-
bution, as mentioned before [13]. The previous analy-
sis unravels the agreement between the thermal expecta-
tion values of non-equal correlation functions in time and
those predicted by ETH. From these results, as SOˆ(ω)
(and, consequently, χ′′
Oˆ
(ω) from the FDT) is well ap-
proximated by means of ETH, the inequality in Eq. (8)
is satisfied.
Finally, we compute the QFI for Oˆ in our model within
both contexts: FETH and FGibbs. The results are shown
in Fig. 3. The fluctuations in the ETH calculation of
FETH are inherited from the fluctuations of the predicted
expectation value of 〈∆Oˆ2〉, which, as expected for finite-
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FIG. 3. The quantum Fisher information and the correspond-
ing density for different system sizes as a function of tempera-
ture in both the canonical ensemble (FGibbs) and correspond-
ing ETH prediction (FETH). At infinite temperature ETH
predicts the presence of multipartite entanglement while there
is none in the canonical ensemble.
5size systems, decrease away from the edges of the spec-
trum. Both predictions for the QFI, canonical and ETH,
are equivalent at vanishing temperatures. Remarkably,
the QFI predicted from ETH is finite at infinite temper-
ature, while the QFI from the canonical ensemble in this
regime vanishes.
Conclusions.— We have shown that the QFI detects
the difference between a pure state satisfying ETH and
the Gibbs ensemble at the corresponding temperature.
Even though it is expected that global observables could
be sensitive to the difference between pure states and the
Gibbs ensemble [47], several operators including sum of
local ones and the non-local entanglement entropy ap-
pear to coincide at the leading order with the thermo-
dynamic values when ETH is applied [47–51]. In this
work, the difference in between ETH/Gibbs multipartite
entanglement, which can be macroscopic in proximity of
a thermal phase transition, is observed numerically in a
XXZ chain with integrability breaking term, when the
temperature grows toward infinity. This result suggests
that although at a local level all thermal states look the
same, a quantum information perspective indicates that
there are many ways to be thermal.
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In this Supplementary Material, we first provide ad-
ditional information on the numerical computations of
FETH. In Sec. I we report the details on the extrac-
tion of the ETH smooth functions from the matrix ele-
ments in the energy eigenbasis. In Sec. II, we show the
corresponding results for a local operator. In Sec. III,
we review some of the known results – relevant for our
work – regarding the asymptotic quantum Fisher infor-
mation (QFI) after quenched dynamics and the valid-
ity of fluctuation-dissipation theorem within ETH. In
Sec. IV we present an alternative derivation of the QFI
in a thermodynamic ensemble, based solely on the ETH.
I. EXTRACTION OF e−S(E¯)/2fOˆ(E¯, ω) FROM THE
OFF-DIAGONAL MATRIX ELEMENTS OF
OBSERVABLES
In this section, we study the off-diagonal elements of
local observables in the energy eigenbasis as a function of
ω = Em−En, where Ek labels the k-th energy eigenvalue
of the Hamiltonian. The appropriate analysis of these el-
ements leads to the smooth function e−S(E¯)/2fOˆ(E¯, ω),
from which the non-equal correlation functions in time
and, in turn, the quantum Fisher information (QFI) de-
pend on according to the ETH prediction.
Our starting point is to select a target energy E,
such that E = 〈E|Hˆ|E〉 = Tr(Hˆ e−βHˆ)/Z, where Hˆ
is the Hamiltonian of the staggered field model from
Eq. (12)(main text). In the thermodynamic limit, a sin-
gle eigenstate |E〉 and its corresponding off-diagonal over-
laps with Oˆ suffice to compute the correlation functions
according to the ETH prediction. For finite-size systems,
however, we focus on a small window of energies cen-
tered around the target energy E of width 0.1, where
 = Emax − Emin corresponds to the bandwidth of the
Hamiltonian at a given system size. Presumably, all the
eigenstates in this energy window contain approximately
the same average energy.
To extract e−S(E¯)/2fOˆ(E¯, ω), we compute the binned
average of the samples. The binned average is computed
using small frequency windows δω. The size of these
windows is selected such that a smooth curve is obtained
from the average and the resulting function is not sen-
sitive to the particular choice of δω. This window of
frequencies typically changes depending on the dimen-
sion of the magnetization subsector studied in our spin
model.1.
In Fig. 1 we present the absolute value of the off-
diagonal elements of both the local magnetization op-
erator in the middle of the chain and the total staggered
magnetization. These matrix elements were computed
for T = 5, N = 18 and an energy window of width
0.1. The smooth black lines shown are binned averages
for each corresponding observable. This average corre-
sponds to e−S(E¯)/2fOˆ(E¯, ω) up to a constant factor that
can, in principle, be determined from finite-size scaling.
Both this constant factor, however, as well as the entropy
term, can be left undetermined in our calculations as they
only affect the approximations on correlation functions
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FIG. 1. Absolute value of the off-diagonal elements in the en-
ergy eigenbasis of the local magnetization in the middle of the
chain (top) and the total staggered magnetization (bottom)
as a function of ω for T = 5 and N = 18. The black lines
correspond to binned averages.
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FIG. 2. Expectation value of the local magnetization in the
middle of the chain as a function of temperature in both the
canonical ensemble and the corresponding ETH prediction for
and N = 16 (inset) N = 20 (main).
on only constant values of ω. As explained in the main
text and the next section, these correlation functions are
defined under physical normalization conditions, allow-
ing us to focus on the main ω dependence of fOˆ(E¯, ω).
The binned average of the local observables from Fig. 1
exhibits an interesting exponential decay behavior at
high frequencies, which has been observed in previous
works1–3 and is related to the universal exponential decay
of two-point correlation functions in time for chaotic sys-
tems with a bounded spectrum4,5. On the opposite side
of the spectrum, at low frequencies, fOˆ(E¯, ω) contains
important features relevant to the long-time behavior of
correlation functions. These frequencies are the most rel-
evant for the response functions used in this work to eval-
uate the quantum Fisher information in the context of
ETH.
II. FURTHER EVALUATION USING A LOCAL,
NON-EXTENSIVE OBSERVABLE
In the main text we focused on the staggered magneti-
zation, an extensive observable. In this section we focus
on the local magnetization in the middle of the chain
Oˆ = σˆzN
2
. (1)
As before, our starting point is to evaluate the expecta-
tion value of Oˆ in the canonical ensemble and compare
it with the ETH prediction. The results are shown in
Fig. 2. The expectation value in the ETH framework is
computed from the average of a small window of energies
centred around E of width 0.1, where  is the bandwidth
of the Hamiltonian for a given system size N . As in the
main text, E is an average energy resulting from the ex-
pectation value of energy in the canonical ensemble with
inverse temperature β, i.e, E = Tr(Hˆ e−βHˆ)/Z, where
Hˆ is the Hamiltonian of the staggered field model from
Eq. (12)(main text). As predicted by ETH for finite-
size systems, the approximation is reliable away from the
edges of the spectrum (low T , section highlighted in gray
in Fig. 2) and fluctuations decrease as the system size is
increased.
We can now compute the response functions for Oˆ.
In the context of the canonical ensemble, the symmetric
response function can be directly evaluated from
SOˆ(ω) = 2pi coth
(
βω
2
)
×
∑
n,n′
(pn − pn′)| 〈n|Oˆ|n′〉 |δ(ω + En − En′) , (2)
where pn = e
−βEn/Z are the Boltzmann weights and
〈n|Oˆ|n′〉 are the matrix elements of Oˆ in the energy eigen-
basis. We contrast this result with the corresponding
prediction obtained from ETH, given by
SOˆ(E¯, ω) ≈ 4pi cosh
(
βω
2
)
|fOˆ(E¯, ω)|2, (3)
where fOˆ(E¯, ω) is extracted up to a constant entropy
factor from the procedure described before. We can leave
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FIG. 3. Response function SOˆ(ω) for the single site magneti-
zation evaluated at at temperature T = 5 for N = 16 (top)
and N = 20 (bottom).
3this factor undetermined in our calculations and use the
sum rule to normalize the response function. For the
local magnetization in the middle of the chain, the sum
rule evaluates to∫ ∞
−∞
dω SOˆ(ω) = 4pi〈∆Oˆ2〉 = 4pi
(
1− 〈σˆzN/2〉2
)
. (4)
In Fig. 3 we show the response function in the context
of the canonical ensemble and the corresponding ETH
prediction for N = 16 and N = 20 at a temperature
T = 5. The curves are normalized by the sum rule de-
scribed before, in which the expectation value is taken in
the corresponding framework. Unlike extensive observ-
ables, energy fluctuations in local intensive observables
are subleading and only eigenstate fluctuations are rel-
evant. Since eigenstate fluctuations decrease exponen-
tially with system size, the ETH prediction better ap-
proximates the canonical response function as the system
size is increased.
The susceptibility can be readily computed from the
response function invoking the fluctuation-dissipation
theorem
χ′′
Oˆ
(ω) =
1
2
tanh
(
βω
2
)
SOˆ(ω) . (5)
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We show the results in Fig. 4, in which the same fea-
tures described before for the response function can be
observed.
Now that we have shown the agreement between the
ETH and the canonical ensemble predictions, we can
compute the corresponding quantum Fisher information
in each framework. As in the main text, within the
canonical ensemble, FGibbs is given by Eq. (5)(main text)
while the corresponding ETH prediction FETH is ex-
pressed in Eq. (7)(main text). The results are shown
in Fig. 5. The fluctuations in the ETH prediction are in-
herited from the fluctuations on the expectation value of
〈∆Oˆ2〉, which decrease away from low temperatures. In
Fig. 5, it can be observed that FETH bounds from above
the canonical prediction. For this particular case, the
QFI is not a witness of multipartite entanglement since
the quantity was computed on a local non-extensive ob-
servable. These results, however, show the expected be-
havior predicted in Eq. (8)(main text).
III. ASYMPTOTIC QFI, ETH AND
FLUCTUATION DISSIPATION THEOREM
This section is devoted to a review of some known
results concerning the stationary properties of correla-
tion functions, diagonal ensemble and eigenstates fluctu-
ation’s theorems. We will first consider the approach to
the asymptotic value of time dependent response func-
tions and time-averaged multipartite entanglement6,7
and discuss the relation between diagonal ensemble’s fluc-
tuations and single energy eigenstates2. We will then
review the proof of the fluctuation-dissipation theorem
(FDT) for single energy eigenstates2 and extend it to the
diagonal ensemble.
4A. Asymptotic multipartite entanglement and
single-eigenstates fluctuations
Let us consider the standard out-of-equilibrium quench
protocol, where a pure quantum state |ψ〉 – which is not
an eigenstate of the Hamiltonian Hˆ – undergoes unitary
dynamics |ψ(t)〉 = eiHˆt |ψ〉. The linear response function
and the symmetrized noise, also defined in the main text,
are given by
χOˆ(t1, t2) = −iθ(t1 − t2) 〈[Oˆ(t1), Oˆ(t2)]〉 , (6a)
SOˆ(t1, t2) = 〈{Oˆ(t1), Oˆ(t2)}〉 − 2〈Oˆ(t1)〉 〈Oˆ(t2)〉 . (6b)
In the out-of-equilibrium setting these quantities do not,
in general, depend on the time-difference t1 − t2. How-
ever, one may still effectively analyze the dynamics with
the new variables t1,2 = T ± τ/2 (also know as Wigner
coordinates) and Fourier transform with respect to τ , re-
stricted to |τ | ≤ 2T . In particular, one can obtain infor-
mation about the stationary state attained at long times.
Let us first consider the two-point correlation function,
i.e. 〈Oˆ(t1)Oˆ(t2)〉, since Eqs. (6a)-(6b) depend on such
terms. We start by expressing the correlation function in
the energy eigenbasis and substituting the Wigner co-
ordinates t1,2 = T ± τ/2. By averaging over T , i.e.,
[·] = limT→∞ T−1
∫ T
0
[·], the correlation function reads
〈Oˆ(T + τ/2)Oˆ(T − τ/2)〉 =
∑
nm
|cn|2 ei(En−Em)τ |Onm|2
= 〈Oˆ(τ)Oˆ(0)〉DE ,
(7)
where 〈 · 〉DE = Tr(ρDE · ) and ρDE is the so-called diago-
nal ensemble already defined in the main text
ρˆDE =
∑
n
|cn|2|En〉〈En| with cn = 〈ψ|En〉. (8)
The same holds for the asymptotic values of the correla-
tion functions (6a-6b)6
χOˆ(T, τ) = χ
DE
Oˆ
(τ) = −iθ(τ) 〈[Oˆ(τ), Oˆ(0)]〉DE , (9a)
SOˆ(T, τ) = S
DE
Oˆ
(τ) = 〈{Oˆ(τ), Oˆ(0)}〉DE
− 2〈Oˆ(τ)〉DE 〈Oˆ(0)〉DE.
(9b)
Provided that the QFI attains an asymptotic value at
long times, then the above discussion immediately im-
plies that
F(Oˆ) = 4 〈ψ(t)|∆2Oˆ|ψ(t)〉 =
∫ +∞
−∞
dω
pi
SDE(ω) = F∞(Oˆ) ,
(10)
where SDE(ω) is the Fourier transform with respect to τ
in Eq. (9b)7.
The discussion so far has been completely general. We
now ask the question about the fate of the asymptotic
multipartite entanglement when ETH is satisfied, see
Eq.(1)(main text). For a sufficiently chaotic Hamilto-
nian, a generic initial state |ψ〉 will be such that |cn|2
has a narrow distribution around an average energy
E = 〈ψ|Hˆ|ψ〉, meaning that the energy fluctuations in
the diagonal ensemble δ2E = 〈ψ|Hˆ2|ψ〉 − 〈ψ|Hˆ|ψ〉2 are
sufficiently small, i.e. δ2/E2 ∼ 1/N . Hence, the fluctua-
tions of the operator Oˆ over the diagonal ensemble
〈∆2Oˆ〉DE =
∑
n
|cn|2 (Onn)2−
(∑
n
|cn|2Onn
)2
, (11)
can be evaluated by a Taylor expansion of diagonal
smooth function of the ETH around the mean energy
Onn = O(E)+(En−E) ∂O
∂E
|E+ 1
2
(En−E)2 ∂
2O
∂E2
|E+. . . .
(12)
Substituting back, keeping terms up to O(δE3) one
obtains2
〈∆2Oˆ〉DE = 〈En|∆2Oˆ|En〉+
(
∂O
∂E
)2
δ2E , (13)
where n is the eigenstate corresponding to the mean en-
ergy E = En. The fluctuations of any observable in the
diagonal ensemble have essentially two independent con-
tributions, the first coming from fluctuations within each
eigenstate and the second from the energy fluctuations.
For intensive observables, the second contribution be-
comes subleading (since 〈En|∆2Oˆ|En〉 ∼ 1, δ2E ∼ 1/N
and O′ ∼ 1). For extensive observables – relevant for
the QFI – these two contributions are of the same order
(since 〈En|∆2Oˆ|En〉 ∼ N , δ2E ∼ 1/N and O′ ∼ N) and
fluctuations between different eigenstates might become
relevant.
Finally, substituting back into Eq. (10) one obtains
Eq. (9)(main text), which is one of our main results.
The multipartite entanglement of the asymptotic state
for quenched dynamics is always bounded by the contri-
bution of the single eigenstate corresponding to the initial
energy.
B. Derivation of FDT for a single eigenstate
In this section, we review the derivation of the FDT
for a single eigenstate (cf. Eqs.(2-3) of the main text),
following Ref. [2]. Consider an energy eigenstate |En〉,
such that En = 〈En|Hˆ|En〉. Let us first focus on the
symmetric correlation function
5SOˆ(En, t) = 〈En|{Oˆ(t), Oˆ(0)}|En〉 − 2〈En|Oˆ(t)|En〉 〈En|Oˆ(0)|En〉
=
∑
m:m 6=n
(
ei ωnmt + e−i ωnmt
) |Rnm|2 |fOˆ(En + ωmn/2, ωnm)|2eS(En+ωmn/2) , (14)
where we have used the matrix elements of ETH (cf.
Eq. (1) of the main text) and Enm = En + ωnm/2,
En = Em + ωnm. We now replace |Rnm|2 with its sta-
tistical average (unit) and each sum as an integral with
the suitable density of states,
∑
m →
∫∞
0
dEm e
S(Em) =∫
dωeS(E+ω). Thus,
SOˆ(En, t) =∫
dω (eiωt + e−iωt)|fOˆ(En + ω/2, ω)|2eS(En+ω/2) .
(15)
Since fOˆ(E,ω) decays rapidly enough at large ω
5, we
can expand the exponent in powers of ω
S(En + ω)− S(En + ω/2) = βω
2
− 3
8
ω2
β2
C
+ . . . ,
(16a)
fOˆ(En + ω/2, ω) = fOˆ(En, ω) +
∂fOˆ
∂En
ω
2
+ . . .
(16b)
where in the first line we have substituted the thermody-
namic definitions of temperature β = S′(E) and of heat
capacity S′′(E) = −β2/C. In the thermodynamic limit
also the (extensive) heat capacity C diverges, hence one
can neglect S′′. Substituting back, we obtain
SOˆ(En, t) =
∫
dω (eiωt + e−iωt)|fOˆ(En, ω + ω/2)|2
= 2
∫
dω eiωt
[
|fOˆ(En, ω)|2 coshβω/2 +
ω
2
∂|fOˆ(En, ω)|2
∂E
sinhβω/2
]
.
(17)
The ETH expression for the symmetric response function reads
SOˆ(En, ω) = 4pi
[
|fOˆ(En, ω)|2 coshβω/2 +
ω
2
∂|fOˆ(En, ω)|2
∂E
sinhβω/2
]
. (18)
Notice that, if Oˆ is a local operator, or a sum of local
operators, the term containing the energy derivative
becomes irrelevant in the thermodynamic limit, leading
to Eq. (2) in the main text.
We can now repeat all the same calculations for the
Kubo susceptibility (6a). Substituting the matrix ele-
ments suggested by ETH in the susceptibility we obatin
χOˆ(En, t) = −iθ(t)
∑
m:m 6=n
(
ei ωnmt − e−i ωnmt) |Rnm|2 |fOˆ(En + ωmn/2, ωnm)|2eS(En+ωmn/2) . (19)
By substituting the average of the fluctuating part and replacing sums with the corresponding integrals, we obtain
χOˆ(En, t) = −2 i θ(t)
∫
dω
[
|fOˆ(En, ω)|2 sinhβω/2 +
ω
2
∂|fOˆ(En, ω)|2
∂E
coshβω/2
]
. (20)
If we now take the Fourier transform −i ∫∞−∞ θ(t)eixt = 1/(x+ i0+) = P/x− ipiδ(x), the ETH expression for the Kubo
susceptibility [χ′′
Oˆ
(ω) = −ImχOˆ(ω)] reads
χ′′
Oˆ
(En, ω) = 2pi
[
|f(En, ω)|2 sinhβω/2 + ω
2
∂|f(En, ω)|2
∂E
coshβω/2
]
, (21)
which leads to Eq. (2) of the main text. C. FDT for the diagonal ensemble
Le us now see how this picture is modified when we
consider the expectation values over the diagonal ensem-
6ble from Eq. (8). We start by considering the symmet-
ric fluctuation from Eq. (9b). By expanding in the en-
ergy eigenbasis and considering digonal and non-diagonal
terms, one gets
SDE
Oˆ
(E, t) =
∑
n
|cn|2 SOˆ(En, t) + 2
(
∂O
∂E
)2
δ2E .
(22)
The first term represents the average over the diagonal
ensemble of the single eigenstate contribution SDE
Oˆ
(En, t)
in Eq. (14), that we discussed in the previous Section.
The second contribution is the the same as the one ap-
pearing for the static fluctuations in Eq. (13) and it is de-
rived in the same way, by expanding the diagonal matrix
elements. Analogously, for the linear response function
χDE
Oˆ
(E, t) =
∑
n
|cn|2 χOˆ(En, t). (23)
It is now clear that by expanding around the average
value E as in Eq. (12), we obtain another second order
contribution
SDE
Oˆ
(E,ω) = SOˆ(En, ω)
+ δE2
[
∂2SOˆ(En, ω)
∂E2
+
(
∂O
∂E
)2]
,
χ′′DE
Oˆ
(E,ω) = χ′′
Oˆ
(En, ω) + δE
2
[
∂2χ′′
Oˆ
(En, ω)
∂E2
]
, (24)
where the correction can be directly evaluated from
Eqs. (18)-(21), extracting the smooth function fOˆ(E,ω).
However, as discussed before, the contribution of these
derivatives should vanish in the thermodynamic limit,
yielding the the same results in Eqs. (2-3) of the main
text.
IV. QUANTUM FISHER INFORMATION
WITHIN ETH
In this section we will present an alternative derivation
of Eq. (6) in the main text, which is based only on ETH,
without the assumption of a Gibbs distribution8. The
QFI, defined in Eq. (5) in the main text, can be written
as
F(Oˆ) =
∑
n
pn FETH(Oˆ) − 8
∑
n 6=m
pn pm
pn + pm
|Onm|2 ,
(25)
where FETH = 4 〈En|∆Oˆ2|En〉 is the QFI for a single
energy eigenstate [cf. Eq. (7) of the main text].
Consider a generic density matrix in the energy eigenba-
sis with pn = p(En) smooth functions of the energy eigen-
value En. For example, ρˆ can represent either the canon-
ical Gibbs distribution (pn = e
−β En/Z) or the micro-
canonical one (MC) (pn constant on a small energy shell
of width δE).
Let us start with the first term in Eq. (25). By replac-
ing the sum with an integral with the suitable density of
states,
∑
n →
∫∞
0
dE′ eS(E
′), we obtain
∫ ∞
0
dE′ p(E′) eS(E
′) Fpure(E′) . (26)
The second term in Eq. (25) vanishes in the case of
a pure eigenstate |En〉 , i.e. pm = δnm, and the QFI is
given by Eq.(7) of the main text. On the other hand, in
the case of a thermodynamic ensemble, using the ETH
ansatz [cf. Eq.(1) of the main text], we can re-write it as
∑
n 6=m
pmpn
pm + pn
|Onm|2 =
∑
n 6=m
pmpn
pm + pn
|Rnm|2 |fOˆ(Enm, ωmn)|2 e−S(Enm)
=
∫ ∞
0
dE′
∫ ∞
−∞
dω
p(E′ + ω/2)p(E′ − ω/2)
p(E′ + ω/2) + p(E′ − ω/2) |fOˆ(E
′, ω)|2 e−S(E′)+S(E′−ω/2)+S(E′+ω/2) ,
(27)
where in the second line we have replaced |Rnm|2 with its statistical average 1, En,m = E ± ω/2 and each sum as an
integral with the suitable density of states,
∑
n
∑
n →
∫∞
0
dE′
∫∞
−∞ dω e
S(E′+ω/2)+S(E′−ω/2). Since fOˆ(E
′, ω) decays
rapidly enough at large ω 5, we can expand the exponent in powers of ω
−S(E′) + S(E′ + ω/2) + S(E′ − ω/2) = S(E′)−
(
βω
2
)2
1
C
+ . . . (28)
where C is the (extensive) heat capacity of the system
defined above. Hence, as already done in the previous
section, we will ignore its contribution in the thermo-
dynamic limit. We now consider the ratio between the
7different probabilities that, as we will show at the end of
the section, for the MC and Gibbs ensembles factorizes
as
p(E′ + ω/2)p(E′ − ω/2)
p(E′ + ω/2) + p(E′ − ω/2) =
1
2
p(E′)
cosh(βω/2)
, (29)
where β = ∂S(E)/∂E|E′ . Substituting back into Eq. (27)
we obtain
1
2
∫
dE′ p(E′)eS(E
′)
∫
dω |fOˆ(E′, ω)|2
1
cosh(βω/2)
=
1
8pi
∫
dE′ p(E′)eS(E
′)
∫
dω
SOˆ(E
′, ω)
cosh2(βω/2)
(30)
where in the second line we have used the ETH expression
of the symmetrized noise [cf. Eq.(3) in the main text].
This equation together with Eq. (26) and Eq. (25) yields
F(Oˆ) = 1
pi
∫
dE′ p(E′)eS(E
′)
∫
dω SOˆ(E
′, ω) tanh2(βω/2) ,
(31)
where we have employed 1− 1
cosh2(βω/2)
= tanh2(βω/2).
The energy integral can be evaluated explicitly de-
pending on the ensemble. In the case of the Gibbs
distribution, the integral can now be solved in the ther-
modynamic limit via the saddle point approximation,
yielding the same result of FGibbs as in Eq. (6) of the
main text. For the MC, one has the uniform average of
the same expression over the energy shell.
Let us now prove Eq. (29). In the case the canonical
distribution we have
p(E′ + ω/2)p(E′ − ω/2)
p(E′ + ω/2) + p(E′ − ω/2) =
e−2βE
′
Z e−βE′ (e−βω/2 + eβω/2)
=
1
2
p(E′)
coshβω/2
.
On the other hand, let us consider the MC distribution
p(E′) ∼
{
e−S(E
′) δE−1 ∀ E ∈ [E,E + δE]
0 otherwise
.
by expanding in powers of ω one finds
p(E′ + ω/2)p(E′ − ω/2)
p(E′ + ω/2) + p(E′ − ω/2) =
p2 + (ω/2)2
[
p p′′ − (p′)2]
2p+ (ω/2)2 p′′
=
1
2
p(E′)
1 + (βω)2/2
,
where we have used p = p(E′) and p′ = ∂p(E)/∂E|E′ =
−S′p(E′) = −βp(E′) and p′′ = ∂2p(E′)/∂E′2 = β2p(E′),
since as already discussed, S′′ vanishes in the thermody-
namic limit. It is now easy to see that this equation
corresponds to the result in Eq. (29), at the leading or-
ders in ω. Notice that this expansion can in principle be
generalized to other smooth distributions p(E′).
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